In this paper, we investigate the normal families of meromorphic functions concerning shared values and shared analytic functions and prove some normal criteria that generalize or extend some results obtained by
Introduction and main results
The notations and concepts used in this paper can be found in [1] [2] [3] . In this paper, We also use f(z) = a ⇒ g(z) = b to stand for g(z) = b when f(z) = a.
Let D be a domain in the complex plane C, F be a family of meromorphic functions defined in D. F is said to be normal in D, in the sense of Montel, if every sequence f n (z) ∈ F (n = 1, 2, . . .) has a subsequence f n k (z)(k = 1, 2, . . .) that converges spherically locally uniformly in D, to a meromorphic function or ∞(see [2, 4, 5] ).
In 1998, Y. F. Wang and M. L. Fang [6] proved the following theorem. Theorem A. Let F be a family of meromorphic functions in D, n, k N with n ≥ k + 2. If for every function f ∈ F , f has only zeros of order at least n and f (k) ≠ 1, then
F is normal in D.
In 2004, M. L. Fang and L. Zalcman [7] proved the following theorem. Theorem B. Let F be a family of meromorphic functions in D, and n be a positive integer. If for each pair of functions f and g in F , f and g share the value 0 and f n f' and g n g' share a non-zero value b in D, then F is normal in D.
In 2008, Q. C. Zhang [8] proved the following Theorems C and D, which generalized the condition f (k) ≠ 1 in Theorem A to shared value when k = 1 and generalized Theorem B when n ≥ 2, respectively. Theorem C. Let F be a family of meromorphic functions in D satisfying that all of zeros and poles of f ∈ F have multiplicities at least 3. If for each pair of functions f and g in F , f' and g' share a non-zero value b in D, then F is normal in D.
Theorem D. Let F be a family of meromorphic functions in D, and n be a positive integer. If n ≥ 2 and for each pair of functions f and g in F , f n f' and g n g' share a non-
In 2009, Y. T. Li and Y. X. Gu [9] proved the following theorem with high order derivatives.
Theorem E. Let F be a family of meromorphic functions defined in a domain D. Let k, n ≥ k + 2 be positive integers and a ≠ 0 be a finite complex number. If (f n ) (k) and (g n ) (k) share a in D for every pair of functions f , g ∈ F , then F is normal in D.
In this paper, we investigate the normal family of meromorphic functions with higher order derivatives and obtain the following two theorems, which generalize Theorems C, D and E. Theorem 1.1. Suppose that d(≥ 0) is an integer, p(z) is an analytic function in D, and the multiplicity of its all zeros is at most d. Let F be a family of holomorphic functions in D; the multiplicity of all zeros of f ∈ F is at least k + d + 2. If for each pair of functions f and g in F , f (k) and
is an analytic function in D, and the multiplicity of its all zeros is at most d. Let F be a family of meromorphic functions in D, the multiplicity of all zeros and poles of f ∈ F is at least k + 2d + 2. If for each pair of functions f and g in F , f (k) and
Corollary 1.1. Let F be a family of meromorphic functions in D; the multiplicity of all zeros and poles of f ∈ F is at least k + 2. a ≠ 0 is a finite complex number. If for each pair of functions f and g in F , f (k) and About the normality concerning shared value of meromorphic functions with its derivatives, J. M. Chang [10] recently obtained the following theorem.
Theorem F. Let F be a family of meromorphic functions in D, a, b be two distinct finite non-zero complex numbers.
Thus, a natural question is: whether F is normal if we replace the condition
We answer this question by the following result. Theorem 1.3. Let F be a family of meromorphic functions in D, a, b be two distinct finite complex numbers. If for every f ∈ F , f'(z) = a ⇒ f(z) = a, f'(z) ≠ b, and all of its zeros have multiplicity at least 2, then F is normal in D.
Lemmas
is a non-constant polynomial, the multiplicity of its all zeros is at least k + d + 2, then g (k) (z) -p(z) has at least two distinct zeros, and
Proof We discuss in two cases:
i.e., q(z) is a polynomial of degree at most k, then g(z) is a polynomial of degree k + d, which contradicts with that the multiplicity of all zeros of g(z) is at least
where A is a non-zero constant, r is a positive integer. We discuss the following three cases:
is a non-constant polynomial of degree at most k + d, which contradicts with that the multiplicity of all zeros of g(z) is at least k + d + 2.
(ii) If r = d + 1, then g (k+d+1) (z) = A·r·(r -1) ····· 2·1, so g (k+d+1) (z) has no zero. Since the multiplicity of all zeros of g(z) is at least k + d + 2, then g(z) has no zero, which contradicts with g(z) is a non-constant polynomial.
is a non-constant polynomial and the multiplicity of all zeros of g(z)
is at least k + d + 2, then ξ 0 is a zero of g, thus, g (k+d) (ξ 0 ) = 0, which contradicts with
From Case 1 and Case 2, we know g (k) (z) -p(z) has at least two distinct zeros.
If g (k) (z) -p(z) ≡ 0, then similar to the proof of Case 1, we obtain that g(z) is a polynomial of degree k + d and get a contradiction since that the multiplicity of all zeros of g(z) is at least
is a rational function and not a polynomial, and the multiplicity of all the zeros and poles of g(z) is at least k + 2d + 2, then g (k) (z) -p(z) has at least two distinct zeros, and
Proof Since g(z) is a rational function and not a polynomial, then obviously
where B is a non-zero constant, g i (i = 1, 2, ..., n) and δ j (j = 1, 2, ..., m) are the zeros and poles of g(z), their multiplicity are p i (i = 1, 2, ..., n) and q j (j = 1, 2, ..., m), respectively. Then, p i , q j ≥ k + 2d + 2(i = 1, 2, ..., n, j = 1, 2, ..., m).
Differentiating both sides of (2.1) step by step, we have
where
k (i = 0, 1) are constants.
k+d+1 (i = 0, 1) are constants. Next, we discuss in two cases. Case 1. If g (k) (z) -p(z) has a unique zero ξ 0 , then let
where D is a non-zero constant and l is a positive integer. Here, we discuss in two subcases.
Differentiating both sides of (2.4), we have
, (2:5) where
are constants.
By (2.2) and (2.4), since
, (2:6) where
d+1 (i = 0, 1) are constants. Differentiating both sides of (2.4) step by step for d times, we can get that ξ 0 is a zero of
Here, we discuss in three subcases. Subcase 1.2.1. When l <q + km + d. Similar to the proof of Subcase 1.1, we get p -q = k + d. By (2.3), (2.6), and
which is a contradiction. Subcase 1.2.2. When l = q + km + d. If p >q, from (2.3), (2.6), and g i ≠ ξ 0 (i = 1, 2, ..., n),
k+2d+2 < p, which is a contradiction. Thus, p ≤ q. Then, from (2.3), (2.6), and g i ≠ ξ 0 (i = 1, 2, ..., n),
which is a contradiction. Subcase 1.2.3. When l >q + km + d. If p ≤ q, by (2.2) and (2.4), then l ≤ q + km + d, which is a contradiction. Thus, p >q. By (2.3), (2.6) and g i ≠ ξ 0 (i = 1, 2, ..., n), we get (d
Case 2. If g (k) (z) -p(z) has no zero. Then, l = 0 in (2.4), similar discussion to Case 1, we get a contradiction. By Case 1 and Case 2, g (k) (z) -p(z) has at least two distinct zeros.
Lemma 2.3 (see [11] ). Let g(z) be a transcendental meromorphic function of finite order on C, and let p(z) be a polynomial, p(z) ≢ 0. Suppose that all zeros of g(z) have multiplicity at least k + 1. Then, g (k) (z) -p(z) has infinitely many zeros.
Lemma 2.4 (see [12] ). Let F be a family of meromorphic functions on the unit disk Δ, such that all zeros of functions in F have multiplicity greater than or equal to l, and all poles of functions in F have multiplicity greater than or equal to j. Let a be a real number satisfying -l <a <j. Then, F is not normal in any neighborhood of z 0 Δ, if and only if there exist (i) points z k Δ, z k z 0 ; (ii) positive numbers r k , r k 0, and
spherically locally uniformly in C, where g(ζ) is a nonconstant meromorphic function. The function may be taken to satisfy the normalization g # (z) ≤ g # (0) = 1(z C). Here, g # (z) denotes the spherical derivative of g(z). Lemma 2.5 (see [13] ). Suppose that f(z) is a meromorphic function on C, if the spherical derivative f # (z) of f(z) is bounded, then the order of f(z) is at most 2. Lemma 2.6 (see [14] ). Suppose that f(z) is a transcendental meromorphic on C, k is a positive integer. If ε is a positive number, a, b are two dinstinct finite complex numbers, then
Lemma 2.7 (see [15] ). Let g be a meromorphic function with finite order on C. If g has only finitely many critical values, then it has only finitely many asymptotic values.
Lemma 2.8 (see [16] ). Let f(z) be meromorphic on C such that the set of its finite critical and asymptotic values is bounded. Then, there exists a positive number r 0 , such that if |z| >r 0 and |f(z)| >r 0 , then
Lemma 2.9. Suppose that f(z) is a meromorphic function of finite order on C, a and b are two dinstinct finite complex numbers. If f'(z) = a ⇒ f(z) = 0, and f'(z) ≠ b, then f is a rational function.
Proof Suppose that f is not a rational function. Since f is a meromorphic function of finite order, then f' is also a meromorphic function of finite order. Because f'(z) ≠ b, then from Lemma 2.6, f' -a has infinitely many zeros {z n }, and z n ∞(n ∞). Since f'(z) = a ⇒ f(z) = 0, hence f(z n ) = 0.
Let F(z) = f(z) -bz, then F'(z) = f'(z) -b ≠ 0, i.e., F has no finite critical value. By Lemmas 2.7 and 2.8, we have |F (z n )| ≥ |F(z n )| log |F(z n )| 16π |z n | , By simple calculation, we have |a − b| ≥ |b| |z n | log |bz n | 16π |z n | → ∞(n → ∞), which is a contradiction. Then, f is a rational function.
Lemma 2.10 (see [6] ). Let f (z) = a n z n + a n−1 z n−1 + · · · + a 0 + q(z) p(z) , where a 0 , a 1 , ..., a n are constants with a n ≠ 0, q(z) and p(z) are two coprime polynomials with deg q(z) < deg p(z), k be a positive integer. If f (k) ≠ 1, then we have (i) n = k, and k!a k = 1;
(ii) f (z) = Lemma 2.11 (see [6, 17] ). Let R be a rational function such that R' ≠ 0 on C. Then, either R = az + b or R = a (z+z 0 ) spherically locally uniformly in C.
